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188 Notes. 

It may also be observed that the theorem in this form is easily obtained 
from the generating function. For (w.i, j) — (w — 1 : i , j) is the coefficient 
of a w x j in the development of 

1-q 

(1 — x){l -ax)(l - a 3 x) ... (1 - a*x) ' 

the numerator of which fraction may be written 

1 — a m x — a (1 — a™ - V) , 

so that (w.i, j) — (w — l:i,j) is the difference between the coefficient of a w x j 

in the development of 

1 — a m x 



(1 -x){\ —ax) . . .(1 -a*x)' 
and the coefficient of a w ~ 1 x j in the development of 



(l-x){l-ax) .. . (1-o'as)' 

and obviously if m is one of the numbers 1, 2, ... i, these coefficients are, 
respectively, the number of the (i , j) partitions of w which do not contain m, 
and the number of the (i, j) partitions of w — 1 which do not contain m — 1 : 
wherefore, the partitions of w which do contain m and those of w — 1 which 
do contain m— 1 may be simultaneously rejected. 



II. 

Some General Formulae for Integrals of Irrational Functions. 
By W. I. Stringham, Fellow of the Johns Hopkins University. 

Let Sh z = ^fiJ= , Ch z = ^~, . Since Ch 2 z - Sh 2 z = 1, therefore 
Vb 2 — c 2 Vti l — & 



aX+c= VaV + 2acx + b 2 . 



c b 2 — (? 

Let — = h , and — =- = e 2 . Then 
a ' a 2 



f(x + h) m (X + h) n dx = r + B + 1 J*Sh m 2 Ch" + 1 z.&. 



In — lp — X 
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If the exponent of (x + h) is an odd integer, writing (Ch 2 z — l) m Sh z for 
Sh 2 " 1 * 1 *: and developing by the binomial theorem, we find at once 

(i) f{x-\-Jiy m+x {x+ny n - i dx 

m 

— £Lr y ' pl(m-p)l' 2n + 2p + l * 
o 

If the exponent of (# + A) is an even integer, by means of the usual reduction 
formula for Sh 2m z Ch 2m z , it will be found that 

(2) f(x + h) 2m (X + h) 2n ~ * dx 

(n ) ! » — i 

I (~) e 2m + 2n gjj- 1 x + " 

vt) ! 

Let x + h — [i = x -{-?[>. Then, by the binomial theorem, 

o 
If the exponent of (x + X) is an even integer, 

(3) f(x + ? u ) 2m (^T+ ^) 2ra_1 dx 

m In i ! 

_ y> (2m) ! ^» \ 27 

~~ ,21/ (2/>) ! (2m- 2p) ! (f»-p + n)! 

o 



49 
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Notes. 



+ 



(1)' 



-m—p — 1 



£<-) 



, (m — p — r — 1)1 

( m -P-T~ r ) 



«»(•+')(« + *) 



2 (m — ^) — r) — 1 



(X+A) 



_|_ ( )" P g2(OT-j> + ») Sh -1 * - *" " A 



G)' 



-p-1 



(8m)!j^ +1 V7 r ^— >-«-i 0—P-*)' (^+^ ( " +8)+1 

(2p + l)!(2m-2p-l)! Z-/ V ' ql{m-p-q-l}\ 2(n + q) + l' 



Z-/(2p + l)!(2m-2p-l)! Z-/ v > 

* 

If the exponent of (x + X) is an odd integer, 
(4) f( x + ^) 2m + 1 (X + A) 2 "- 1 <Za? 






(2m + 1)! ft* 
(2p)! (2m-2p + l)I 



m — p 



2 ( ~ e2) 



m — p— q 



(m-p)l (X+h) 2 <"+*+ 1 



q\{m—p — q)\ 2(« + g) + l 



-E 



(2m + 1)1 fP+ 



. (»-t)' 



(2p+l)i (2m — 2p)! (m—p + n)\ 



X 



«•— 1 

1 \7 (m -j» + n- g -l) l_ ^ ^ + h y {m - p) + i ( X+ h y (n - g) + i 
( n --2~ q ) 1 



+ 



(m — o j! rm—p—i 
1 2 A V^ , )r (m-p-r-1)! 

(m-p- — -r)l 



G> 






^O + r) (^ _J_ A j2(»_,-,)_l (X+ ^ 



(1)' 



When "k — h, n vanishes, while for p = 0, {i =l, and the integrals (3) and (4) 
reduce to (2) and (1) respectively. 



February 1st, 1879. 



